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Abstract

In this work, vapor-liquid equilibria (VLE) calculations for a continuous mixture are carried out. The Peng—Robinson EOS is employed,
and a new approach for parameter evaluation is proposed, using group contribution methods. This approach was possible through the
of a convenient choice for the characteristic continuous index. Multi-indexed continuous mixtures are focused on, which has been avoide
in the literature probably because of the mathematical complexity of such modeling. Two algorithms were proposed for VLE calculation:s
(flash withP andT fixed, bubble and dew points) and three kinds of continuous mixtures (linear paraffins, polyunsaturated fatty acids
(PUFA) and oil fractions) were analyzed. ©2000 Elsevier Science S.A. All rights reserved.
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1. Introduction / / fx)d'x =1 (1)
0 0

The concept of continuity of a given mixture is ap- vapor—liquid equilibria (VLE) calculations for complex
plied whenever that mixture is so complex that it is N0 mixtyres have been traditionally accessed through a
!onger W(_)rthvyhne to dlst|_ngwsh among individual chem- Pseudo-Component Method, that is basically a ‘lumping’
ical species; instead, an index (such as number of carbonypnroach in which key components are chosen to fully char-
atoms, boiling point or chromatographic retention t|mg) IS acterize the whole mixture. This way, a simple modeling
chosen. to chgracterlze each compon'ent and the_ Com'”u'typrocedure can be adopted, but results are highly dependent
of the index is assumed. Mole fraction of speciesA on the choice of the set of pseudo-components [1]. The
is replaced byf(X)dx, the molar fraction of material with  jeyelopment of a continuous thermodynamics [2-5] had
an index in the )(,_ x—|_-dx)_ mterval._FuncUonf(x) is k_nown shown great advantages in many aspects [6-10].
as the mixture distribution function (DF), whereis the However, the use of multivariate DFs has been avoided
continuous index of the mixture. probably because of the already mentioned mathematical

In some cases, more than one index must be used tO;omplexity. Systems that clearly needed more than one index

completely characterize the continuum of species, which p5ve then been approximated by more than one family of
increases the mathematical complexity of any phenomenaspecies:

described with a continuous approachxliis a vector of
continuous indices, the DF of the system is denotef{by ~ f(x) — f;(xi) (2
and the molar fraction of species with indices in the region
(x, x+dx) is given by the analogous expressiin)d” x.

Distribution functions exhibit an obvious normalization
condition given by

Another critical point is the choice of the continuous index.

Some authors chose a natural identification variable, such

as molecular weight or boiling point [6,7]. However, it is

sometimes difficult to relate such indices with other ther-

_— modynamic properties, especially equations of state (EOS)
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Table 1

ate DFs, the most important examples being petroleum Parameters of Peng_Robinson EOS

fractions. The well-established Quadrature Method [7] is

employed for solving flash problem (at fixdand P) and 81 1+v2
bubble and dew point problems for such mixtures. This % 1-v2

; . : Qq 0.45724
method was considered the most suitable, once it does not, 0.07780
show the error in material balance of the Method of Mo- |’ 0.37464
ments [7]. EOS parameters are estimated through groupr; 1.54226
contribution methods instead of the traditional fitted poly- r2 —0.26992

nomials. This was possible admitting that the number of
particular groups was the vector of continuous indices itself, o _
which is also an original contribution of the present work. ~ With the compressibility factor defined as usual:

Pv

2. Continuous thermodynamics for a multi-indexed RT
mixture and additional entities by

Z (12)

o o0
As mentioned in Cotterman et al. [9], the fugacity coeffi- a'(x, T) = Val(x, T)/ / f@vax, THd'x  (12)
cient is calculated as 0 0
Pb
RT In[¢(x)] B=—r (13)

_ /OO (5_P) _RT dv— RTInG)  (3) Peng—Rob_inson EOS parameters can be fou_nd _in Table 1.
v 8f))ryxex ¥ Depending on the number of continuous indices, some
. L . particular aspects must be taken into account, which will be
\r’\ézzr:ft?;a?hiséog the functional derivative of the EOS with analyzed in the following sections. However, it will always
' be used a product of gamma distribution functions for the
The present work uses Peng—Robinson cubic EOS [11]t0 e ¢ faeq Fc)Jr initial migture'
describe both liquid and vapor phases: , '
RT a f@) = ﬁgimﬂ)‘?' exp(—¢; X
P = — 4 L) = .
v—b (vt 61b)(v+ 52b) @ o ToitD

with the parameters for the continuum of species defined by This DF obeys the normalization constrain Eq. (1) and is
able to emulate a discrete case where a single molecule is

) _ [[f@ieny @4
i=1

ax,T) present:
2
[Te)]? T\ n
= Q,R?==2 1 1—(— 5 . :
R |F T mew] Tox) ®) plim e lim @) = [ 8 —dn) (15)
( ) n1/e1=d1 Nn/en=dyn i=1
TC X
b(x) = QpR——— 6
(x) = Pex) (6)
3. Group contribution methods
where
mlw(x)] = ro + r1o ) + raw(x)? (7) Models fora(x, T) andb(x) have been traditionally ac-
o . cessed through fitted polynomials [1,6,7,9,12] instead of
Mixing rules are written as their natural formulations given by Egs. (5) and (6). As it
00 00 can be seen, these equations demand a method to predict
b= /0 /0 f@bx)d"x (8) molecular properties (critical coordinates, for instance) as

functions of the continuous vector parameter
00 00 ; 2 This can be carried out with well-established group con-
a(T) = [/0 /o f@vax, T)d x:| ©) tribution methods, as Joback [13] predictions for the acen-
tric factor, normal boiling point and critical coordinates. If

ing expressions (4)-(9), Eq. (3) becomes (after integration) expressions are

b(x) a(T) 3 Tpx)/Te(x)
| =—@-1)-Inz—B) — ——M—— _ 2 W)/ _
n[¢ (x)] , @~ D —Inz—B) 51— 09 bRT 0@ = 57— @ o@D log[Pe(x)] — 1 (16)
v+ 81b ax, T) bx)
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I X3 |

To(x) = To(x) [0.584+ 0.965 " ATe(x) . |
-1
- (T anw)’]

Pe(x) = [o.113+ 0.0032Na— ) APC(i)]Q

(18) Fig. 1. PUFA.

(19) > ATp(x) = J' (x) ATp(x) = 2(2358) + (x — 2)22.88

where Na stands for the total number of atoms in a molecule. (24)
All summations are performed over the groups present on
the molecule, accounting individual contributions of each of
these increments.

For vapor pressure prediction, the following group
contribution method is employed [13]:

3.2. Case 2: double-indexed mixture — PUFA

For this case is employed a mixture of polyunsaturated
fatty acids (PUFA). These mixtures are important because
the human body is unable to synthesize them and relies on

psalx T) dietary intake for supply. This dietary supply could be veg-
- To(x)/ Te(x) To(x) etable oil, but the mixture present in fish oil exhibits higher
= exp{ =/ [1 — ( = )] |og[pc(£)]} health benefits. Some of its components decrease the danger
1-To(x)/Te(x) r of premature birth and a separation procedure would be of

(20) great interest. Of course, there is the problem of thermosen-
sitivity; and supercritical extraction with GQOvould be the
preferred operation. However, it is obviously useful to have
knowledge on volatility and other VLE information.

An illustrative example for the single index case is a con- A typical molecule of this mixture is depicted in Fig. 1
tinuous mixture of linear alkanes. Its utility lies in the fact Wwhere it can be seen that an index corresponds to the number
that it is a common strategy for some particular applica- of carbon atoms in the unsaturated part of the molecule and
tions in petroleum processing theory, to study the behavior the other to the saturated one.
of oil as constituted basically by linear paraffinic molecules. ~ Summations for this case are completely analogous to
A typical molecule is then completely characterized by the the ones described in Egs. (22)—(24), and employ a Joback
total atoms of carbon present in i)(and Joback’s vector ~ vector with the form
for this case is then given by

3.1. Case 1: single-indexed mixture — linear alkanes

—CH= 20x1 —2)/3
—CHo— _ | CH— | | G1+D/3+x2
1(x)=[_gﬂi }:[)25 2] @y L= _ch T2 (25)
—COOH 1

and individual contributions by the values in Table 2 (which
has also additional group contributions that will be used in
Cases 2 and 3).Summations in Egs. (17), (19) and (20) are,

and values of Table 2.

then performed as follows:

Z ATe(x) = J' (x) ATe(x) = 2(0.0141) + (x — 2)0.0189

3.3. Case 3: three-indexed mixture — oil fractions

Mixtures chosen to be characterized by three-indexed con-
tinua were typical petroleum fractions, such as gasoil, gaso-

(22) line or naphtha. Once species present in gasoil ranged from
simple linear alkanes to very complex molecules with dis-
= [ = _ . . . . .

Z APe(x) = J(x) APe(x) = 2(-0.0012 (23) tributed aromatic and naphthenic rings over its structure, an
arbitrarily structural description for typical molecules was
defined. An elementary model for a continuous species rep-

Table 2 resentation was established, based on the conclusions of

Group contributions Quann and Jaffe [14] about the most common patterns of

Increments AT, AP, AT, molecular structures present in petroleum: '

1. Paraffinic compounds and paraffinic portions present in

—CHp— 0.0189 0 22.88 : : A

_CH, 0.0141 0.0012 2358 multifunctional compounds are mainly linear.

_CH= 0.0129 —0.0006 24.96 2. Ring compounds are mainly cata-condensed, which

—COOH 0.0791 0.0077 169.09 means that, at each pair of rings, an ‘ascending’ dis-

> CH, 0.0100 0.0025 27.15 placement is observed, in the aromatic region (Fig. 2);

fg:—: g-gégg 8-882‘1‘ ;é;g and in the naphthenic region (Fig. 3).

o= 0.0143 0.0008 3101 3. Multifunctional compounds show a single paraffinic

ramification.
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. where the superscript)(indicates ring increments. Once
. again, summations are performed as in Egs. (22)—(24) with
©© Eg. (26) and the values in Table 2.
@ N ©© 4. Flash at fixedT and P

Fig. 2. Cata-condensation of aromatic rings. We begin VLE analysis by the flash calculation with
and P fixed. Balance equations, equilibrium relations and

normalization restrictions are similar to the ones used for
* discrete mixtures. The main differences are as follows:

1. It is a functional-algebraic problem, because DFs are
unknowns instead of the molar fractions of the discrete
case;

O 2. The traditional summations over the species become in-
e d ®

tegrals over the continuum spectrum of species.

The DFs of feed, vapor phase and liquid phase will be
denoted byf(x), v(x) andl(x), respectively. Rachford—Rice
equation for flash calculation [15] takes a modified form,
which is
Even though other configurations may be found in 00 © f()[K(x, P, T)—1]
petroleum fractions (isoalkanes and other kinds of juxtapo- q’F(ﬂ)=f / BK (x P_T) TA=p)
sition of naphthenic and/or aromatic rings), we opted for the 0 0 =
simplest way to access the maximum number of molecular Its deduction is analogous to the discrete case, and uses a
properties with the minimum number of continuous indices. normalization condition with the form of Eq. (1). The DFs
For that, the conclusions of Quann and Jaffe [14] seemedof vapor and liquid phases are then given by
to be the most adequate, and they state that isomers of a fx)

Fig. 3. Cata-condensation of naphthenic rings.

d'x=0 (27)

molecular class, at a given carbon number, exhibit similar /(x) = (28)
physical, chemical, thermodynamic, and performance prop- AR, P.T)+ (1= p)

erties, since this is the limit of our analytical detail, which _ SX)K(x, P, T) 29
minimizes the effect of not considering such isomers. V) = BK(x,P,T)+ (1—p) (29)

As already mentioned, the present representation is
based on admitting three types of sub-structures contin-
uously present in each species: aromatic sub-structure, v(x)  ¢L(x, P, T)
naphthenic sub-structure and paraffinic sub-structure. EachK (x, P, T) = l(;) = ¢v(; P.T) (30)
of these sub-structures will be henceforth characterized by - =7
a non-negative continuous index. The connectivity among and vapor fraction is given by

where vaporization equilibrium ratio is calculated with

these sub-structures will be arbitrarily set as given in Fig. 4 v
also admitting the absence of side paraffinic ramifications. 8 = s (31)
With all these considerations, Joback vector becomes _
It must be noticed that the dependence of the DF$ and
—CHg 1 P was omitted for notation simplicity.
—CHo— x1—1
_ | TCHL 1 _ | 1+x3/2 4.1. Simulations

IO =1 S cHy | =] 141072 (26)
> C=' ; —1+4x3/2 Once the complete procedure is established, one can con-
> CH- —1+x2/2 duct simulations of the model. These simulations are carried

out with the Quadrature Method as described in Cotterman
and Prausnitz [7]. It is an interesting method based on the
fact that only integrals of the DFs are needed for VLE cal-
culation. Therefore, the system of Egs. (27)—(31) becomes
algebraic, once DFs must be evaluated only on quadrature
points. An interpolation procedure can be used if informa-
: X2 : X1 = tion on DFs must be recovered between contiguous points.
For this method, Laguerre quadrature was used, which is
Fig. 4. Connectivity among sub-structures of a typical molecule. based on the orthogonality of Laguerre polynomials over the

Paraffinic Region

I
| X3
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interval (0po). Quadrature pointsx(y) are thenq roots of
the Laguerre polynomial of degrew;;

nq | 2 ng—k
L, _ _ a\kdng nq! X
g0 =) (=1 [ ot & (32)
k=0
Quadrature weightsa(g) are given by
2
nq! ]
wqg; = | — | xq; exXplxg; 33
1 |:an+1(3“11') 1 Pxgi) 33)

A generic successive substitution algorithm can then be writ-
ten:
1.
2.
3.

Input variablesT, P, EOS parameters, anu,
Input or statistical fitting of feed DFs’ parameters;
Calculation of quadrature points and weights; and
X0
. Seti=0;
. Estimation off? = f(x) andK/ = (P5¥(x, T))/P on
quadrature points;
. Calculation ofg with ®g(8)=0;
. Calculation ofi! = f4/(BK! + (1 — p)) and v}
1K1 /(BK{ + (1— B)) on quadrature points;
. Calculation oK, (x) = (¢ (x, P.T))/(¢" (x, P, T))
on quadrature points;
Kl =K]7?
If not, makek = K/, ,, i=i+1 and go to (6).
10. Print graphical and numerical results.

Examples can be found in the literature [16,17] for the
mentioned statistical fittings using experimental data for real
mixtures, as though for typical experimental characteriza-
tion. Such fittings are important and involve, basically, an in-
tegration of the DFs to produce ‘lumped’ information which
can than be compared with experimental data. However,
this procedure is also beyond the scope of this work, which
concerns, mainly, the formulation and resolution of VLE of
multi-indexed continuous mixtures.

So simulations will be conducted considering the already
mentioned cases with arbitrarily chosen parameters for the
feed DFs.

4.2. Case 1

It is the simplest case, and related integrals are calculated

as internal products of two vectors, which makes computa-
tional routines very fast:

/ gx)dx =
0

Conditions employed werg)=10, ¢=1, T=450K and
P=1bar, andg was found to be 0.4958. The following
figures, Figs. 5 and 6, were also obtained.

In Fig. 5, each line corresponds to an iteration on the
outer loop of the algorithm (iteration ol(iiq); the spots are
iterations on Eg. (27) on a given line. In Fig. 6, the results

nq

> waig(xq)

i=1

(34)

183

5

15 F

20F

25 L L L L 1
0 05 06 07 08 09
beta

0.1 02 03 04 1

Fig. 5. Rachford—Rice equation solution (Casen&10, e=1, T=450K
and P=1bar).

are shown in terms of quadrature points; if a smoother graph
is needed, an interpolant DF can be fitted.

As can be noticed in Fig. 6, in liquid phase, the amount
of heavy compounds is increased, and lighter species are
preferably present in vapor, which is physically consistent.
It must be pointed out that 18 quadrature points were used
and errors on integrals were about 0.03%.

4.3. Case 2

This example has an interesting pictorial representation.
Typical integrals can be calculated as quadratic forms, which
is still computationally efficient:

o0 o
f / g(x, y)dxdy =
0 0

Results forni=n2=5, ¢1=¢2=1, T=650K and P=1bar
were $=0.6168 and the ones presented in Figs. 7-13.

ng’ ng*

D> wqlwag(xq), xq}) (35)

j=li=1

0.18

)

30

Fig. 6. DFs of feed, vapor phase and liquid phase (Casg=10, ¢=1,
T=450K andP=1bar).
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Fibeta)

0 0.1 n2 03 04 05 06 07 08 09 1
beta

Fig. 7. Rachford—Rice equation solution (Caseni=n2=>5, e1=¢2=1,
T=650K andP=1bar).

%2

Fig. 8. Feed DF contours (Case 23=12=>5, s1=¢>=1, T=650K and
P=1bar).

%2

[N
=
@™
@
=]
I~}
=
>

Fig. 9. Liquid DF contours (Case 23=n»=5, e1=¢=1, T=650K and
P=1bar).

Fig. 10. Vapor DF contours (Case 23=12=5, e1=¢2=1, T=650K and
P=1bar).

005 .
0.04

003

0024.-

Fig. 11. Feed DF (Case 23=n2=5, e¢1=¢2=1, T=650 K andP=1 bar).

Once again, in Figs. 8-10, the results are shown in terms
of quadrature points; if a smoother graph is needed, a 2-D
interpolant DF can be fitted. They are of particular interest
since they contain some important information. One may
notice that, once again, physical consistency was achieved,

005~
004..--~

003

0024~

Fig. 12. Liquid DF (Case 2j1=n2=5, s1=s>=1, T=650 K andP=1 bar).
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0.05

004.-

0.03

0.02

Fibeta)

o DI1 D.I2 D.IEX D.Ixi bEl.lE D.IB D.IT’ D.IB D.lQ 1
eta
Fig. 13. Vapor DF (Case 21=n2=5, e1=¢2=1, T=650 K andP=1 bar).
Fig. 14. Rachford—Rice equation solution (Case 1B=n2=n3=5,
g1=ep=e3=1, T=675K andP=1bar).
with heavier molecules migrating to liquid phase and lighter
ones to vapor phase. However, the effect of one index on
VLE is different from the other’s, which can be seen through
the distortion of liquid DF towards the direction. In fact, |
a carbon atom present in one portion of the molecule will |
not affect the molecule volatility the same way it would if m,l
it was to be in the other portion. It also must be said that .
this phenomenon can be stronger (and useful for separation 1'
|
|

techniques) in some particular mixtures. i v .) ®
This time, 20 quadrature points were used, leading to ~
even smaller errors being observed on the values of the 0. 8 .Q.
. 15 &
integrals. s L sz ) &5 5™ &
:-A“ ] : ) — -—‘“S
0 0
4.4. Case 3 A x1

. . . Fig. 15. Feed DF (Case 33=n2=n3=>5, e1=¢p=¢3=1, T=675K and
The three-indexed nature of this case introduces somep=1 par).

difficulties and limitations. The calculation of the integrals
related to this case involves at least one iterative loop, which
considerably increases computational time:

o o o0
/ / / g(x,y,z)dxdydz
o Jo Jo

ng* ng” ng*

=33 wafwglwg; g(xq), xq), xqf) (36)

1=1j=1i=1

3
S o
[ B E——

%

2]

The pictorial representation is limited by the fact that four

coordinates would be necessary: three indices and the value 15~
of the DF itself. The solution was to create a gray scale in 107N O~
which the DF value is directly proportional to the intensity of o
the black color. Therefore, if the pointy( x, X3) is marked
with a black spot, it means that the molecule characterized iy 16 reed DF (Case 3=np=13=5, ¢1=¢y=e3=1, T=675K and

by an index-vectorq, Xz, x3) is the most frequently present  p_1 par).

in that mixture. The absence (or trace concentrations) of

species is characterized by light gray spots.

Temperature and pressure employed wdre675K Remarks on physical consistency are the same as in the
and P=1bar, feed DF parameters wetg=n>=n3=5, previous case. Quadrature was still able to integrate DFs
g1=e2=¢3=1, and the results werg=0.6734 and the ones  with small errors because 20 points were used, but CPU time
depicted in Figs. 14-17. increased within three orders of magnitude.
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x2

Fig. 17. Feed DF (Case 37,1:172:173:5, g1=g9=¢3=1, T=675K and
P=1bar).

5. Bubble and dew point calculation

Dew point and bubble point calculation are important
tasks (for instance, when designing distillation columns) and
Rachford—Rice equation, Eq. (27), can be used for this pur-
pose. For dew point calculation, it is obvious that

B=1 (37)
v(x) = f(x) (38)
and Eq. (27) becomes

ISR
®dp(T or P)=In [f / K P, T) }_0 (39)

to be solved foiT or P.
The logarithmic form of Eq. (39) is known to increase the

convergence speed of numerical algorithms used to solve it.

For bubble point calculation
B=0

I(x) = fx)

and Eq. (27) becomes

(40)
(41)

®(T or P)=1n [/oo---/oof@)K@, P, T)d"x} =0
0 0
(42)

whereT or P must be found.

5.1. Simulations

Once again, the quadrature method described in Section

4 will be employed. For these cases, the following generic
successive substitution algorithm can then be written:

1. Input variablesP or T, EOS parameters, andj,

2. Input or statistical fitting of feed DFs’ parameters;

3. Calculation of quadrature points and weights; and

X0

F.C. Peixoto et al./Chemical Engineering Journal 77 (2000) 179-187

161
14}
121

P(bar)10f

3

IS

[N

s "
550 600 650
T(K)

450 500

Fig. 18. Phase envelope (bubble and dew point loci) — Case 1.

Seti=0;
Estimation off? = f(x) andK; =
quadrature points;
6. If dew point:v? = f¢ andl4 = v?/K/
If bubble point:/9 = f7 andv? = K14
7. If dew point: calculatd or P with &p(T or P)=0, mak-
ing i=i+1 and recalculatingk;! and¢ = v//K] at
each iteration
If bubble point: calculatd or P with ®g(T or P)=0,
makingi=i+1 and recalculating/ andv? = K4 at
each iteration;
8. Print graphical and numerical results.

(PS¥(x, T))/P on

5.1.1. Case 1

Graphical representations of phase envelopes are depicted
as follows. It can be seen that there is a lack of closure. That
is so because of the well known problem of convergence
near critical points, whose treatment is beyond the scope of

the present work (Fig. 18).

5.1.2. Case 2

In this system, closure problem is even worse (especially
in the bubble curve) and must be intensively investigated
if near critical point calculations have to be performed
(Fig. 19).

P(bar)

o

N

1

0
550 600 650 700 750 800 850 900

TK)

Fig. 19. Phase envelope (bubble and dew point loci) — Case 2.
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15 ™ T —

10

P(bar)

a

650 700 750 800 850 900 950
TK)

550 600

Fig. 20. Phase envelope (bubble and dew point loci) — Case 3.

5.1.3. Case 3

7. Nomenclature

a,B

a, b,m

f(x), v(x), I(x)
J(x)

K(x,P,T)
Lyg(X), NG, xqg, wq
P

psat

R

T

Tp(x)

Te, Pe

v

w(x)

In this example, the closure problem is added to an exces->

sively large computational time and special strategies must

be developed (Fig. 20).

6. Conclusions and remarks

In this work, we described the vapor—liquid equilib-
rium of multi-indexed continuous mixtures, using the

Greek letters

187

entities defined by Egs. (12) and (13)
P-R EOS parameter

DFs

Joback vector

vaporization equilibrium ratio
Laguerre quadrature parameters
pressure

saturation pressure

universal gas constant
temperature

normal boiling temperature
critical coordinates

molar volume

acentric factor

continuous index

compressibility factor

parameters of gamma DF

B vapor fraction
81 r’
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